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Abstrat. We propose a model desribing liquid-solid phase oexistene in mixed lipid membranes by
inluding expliitly the ourrene of a rippled phase. For a single omponent membrane, we employ a
previous model in whih the membrane thikness is used as an order parameter. As funtion of temperature,
this model properly aounts for the phase behavior of the three possible membrane phases: solid, liquid
and the rippled phase. Our primary aim is to explore extensions of this model to binary lipid mixtures
by onsidering the omposition dependene of important model parameters. The obtained phase diagrams
show various liquid, solid and rippled phase oexistene regions, and are in quantitative agreement with
the experimental ones for some spei lipid mixtures.
PACS. 87.16.Dg Membranes, bilayers, and vesiles.  64.75.+g Solubility, segregation, and mixing
1 Introdution
In reent years, domain formation in biomembranes and
artiial membranes has attrated great attention in on-
netion to the so-alled raft formation in biologial ell
membranes [1℄. It is believed that the appearane of suh
domains (rafts) in membranes plays an important role for
various ell funtions [2,3℄. Beside their interest in bioel-
lular proesses, raft formation has a fundamental physi-
al interest, beause it oers an speial example of two-
dimensional phase separations oupled to internal and ex-
ternal membrane degrees of freedoms [4℄. Using uores-
ene mirosopy or X-ray diration tehniques, the lat-
eral phase separation between dierent liquid phases, or
between the solid and liquid phases has been observed for
ternary-omponent vesiles onsisting of saturated lipid,
unsaturated lipid, and holesterol [5,6,7,8,9℄. Although
the biologial signiane of rafts is not yet fully under-
stood, it serves as our primary motivation to explore, from
a physial point of view, phase transitions, domains and
phase oexistene in multi-omponent lipid membranes.
Lateral phase separation in membranes ours even
for the simpler ase of binary lipid mixtures without any
added holesterol. The oexistene is between liquid-like
(Lα) and solid-like (Lβ′ alled gel) phases, and it an
be visualized using tehniques suh as two-photon uo-
resene mirosopy [10℄. For example, for DPPC/DPPE
lipid mixture, the solid domains exhibit morphologies suh
as hexagonal, dumbbell or dendriti shapes [10℄, while for
DPPC/DLPC lipid vesile the solid domains appear to be
stripe-like and are monodispersed in their domain width
[11℄. Shapes of solid domains found on spherial uid vesi-
les has been also addressed theoretially [12℄. By assum-
ing the additivity of strething and line energies, the model
predits a phase diagram inluding ap, ring and ribbon
phase domains on a spherial surfae.
Although visualization of domains embedded in uid
membranes has beome possible only reently, the phase
diagram of various binary lipid mixtures in bilayer mem-
branes has been known for some time [13,14℄. In a pre-
vious model investigated by some of us [15,16℄, a ou-
pling between omposition and internal membrane stru-
ture was proposed and the resulting phase diagram was
alulated. It inludes a oexistene region between Lα
and Lβ′ phases in agreement with experiments on spei
lipid mixtures. However, for some lipids, suh as DMPC or
DPPC, another distint solid-like phase is known to our
and is alled the rippled or Pβ′ phase. The unique feature
of this phase is that the membrane shape is spatially mod-
ulated while the lipid hydroarbon tails are ordered. The
spei phase diagrams of DMPC/DPPS, DPPC/DPPS
[17℄, or DPPC/DPPE [18℄ mixtures have been explored
in experiments, and show the three phases (Lα, Lβ′ , Pβ′)
together with the oexistene regions between them. How-
ever, these phase diagrams have not yet been onsidered
theoretially.
The main objetive of the present paper is to provide
a simple model that desribes the liquid-solid oexistene
in binary lipid mixtures while onsidering the possibility
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of an intermediate rippled phase. Our starting point is a
model introdued by Goldstein and Leibler (GL) that a-
ounts for the suession of phase transitions as applied
to single-omponent lipid membrane [19,20℄. In the GL
model, the membrane thikness is used as a salar order
parameter. We ombined some of the ideas presented in
the GL model with our own previous model for binary
(or even ternary) lipid mixtures [15,16℄. For binary lipid
mixtures, the model parameters are taken to be depen-
dent on the relative lipid omposition, and resulting in
several types of phase diagrams that are in quantitative
agreement with experiments on spei lipid mixtures.
In the next setion, we rst review the GL model de-
sribing the phase transitions in a single-omponent lipid
membrane. The orresponding mean-eld phase diagram
is obtained in terms of the temperature and membrane
elasti onstants. In Se. 3, we propose an extension of
the GL model for a two-omponent lipid membrane, and
alulate the binary phase diagrams. Some disussions and
omparison to other models are disussed in Se. 4.
2 Single-omponent lipid system
In a single-omponent lipid bilayer, one typially observes
a disontinuous rst-order phase transition from the Lα
to the Lβ′ phase as the temperature is dereased. This
is alled the main transition and is assoiated with or-
dering of the hydroarbon tails of the lipid moleules. In
the Lα phase, the hydroarbon hains are disordered (and
the phase is liquid-like), while they order by strething
and tilting in the Lβ′ (solid-like) phase. Several theoreti-
al models have been proposed in the past to desribe the
main transition in isolated membranes [21,22℄.
In other single-omponent lipid systems, however, a
rippled (Pβ′) phase appears between the Lα and Lβ′ phases
for staked bilayer membranes [23,24,25℄. This phase is
more peuliar and many studies have been devoted to
understand better its modulation wavelength and ampli-
tude [26℄. For a stak of lipid bilayers in water (a lamel-
lar phase), the phase diagram as a funtion of relative
humidity and temperature was reported [27,28℄. Several
attempts have been made to desribe the rippled phase
theoretially suh as those based on a moleular level de-
sription [29,30℄, or Monte Carlo simulations [31℄. In on-
tinuum theories of the rippled phase, dierent quantities
have been suggested for the order parameter. Examples
are the membrane thikness [19,32℄ or the onguration
of the hydroarbon hains (ratio of the trans bonds in the
hains) [33℄. In both ases the order parameter is salar.
More reently, a Ginzburg-Landau theory was proposed by
Chen, Lubensky, and MaKintosh (CLM) who employed a
vetorial order parameter representing the tilt of the lipid
moleules [34,35℄.
We further disuss the CLM model in Se. 4 below,
but our own starting point is based on a model proposed
by Goldstein and Leibler (GL) for single-omponent lipid
membranes [19,20℄. To desribe the main transition in-
volving hain ordering and stiening, GL introdued a
dimensionless salar order parameter of the membrane,
m(r):
m(r) =
δ(r)− δ0
δ0
. (1)
This parameter depends on the atual membrane thik-
ness δ(r), and on the onstant membrane thikness δ0 of
the Lα phase. The two-dimensional lateral position within
the bilayer plane is denoted by r. Notie that m enapsu-
lates hanges that may our in several degrees of freedom,
inluding, for example, the onformations of the hydro-
arbon hains, moleular tilt and positional ordering. In
the present paper, the bilayer nature of the membrane is
not taken into aount and the bilayer thikness is simply
taken as a sum of the two monolayer thiknesses. The role
of the bilayer struture in the formation of rippled phases
was expliitly onsidered in previous models [36,37℄.
For simpliity, we assume that the rippled phase is
spatially modulated only in the x-diretion, and ignore
two-dimensional rippled phases suh as the square lattie
phase [34,35℄ or the hexagonal phase [38,39℄. For an iso-
lated lipid bilayer membrane, the strething free energy
per lipid moleule is [19℄
fst =
1
2
a2m
2 +
1
3
a3m
3 +
1
4
a4m
4
+
1
2
C
(
dm
dx
)2
+
1
2
D
(
d2m
dx2
)2
. (2)
A very similar free energy was proposed by Marder et
al. [32℄. The rst three terms are the Landau expansion
in powers of the order parameter m. Only a2, the se-
ond order term oeient, has an expliit temperature
dependene: a2 = a
′
2(T − T
∗), with T ∗ being a referene
temperature. (It atually is the ritial temperature in
the absene of the ubi term.) Beause the Lβ′ → Lα
phase transition is known to be rst-order, a3 is taken to
be negative, whereas a4 is always positive to ensure sta-
bility of this free energy expansion. The next two terms
are related to the lowest order gradients of m. (Note that
the x-oordinate is resaled in units of a moleular length
sale ℓ so that x → x/ℓ is dimensionless.) These gradi-
ent terms represent elasti out-of-plane undulations of the
membrane and their oeients are the elasti onstants
C and D, respetively. The oeient C an be either
positive or negative, but D is always positive in order to
ensure stability of the expansion. The physial origin of a
negative C value an be related to the oupling between
the onformation of the hains and the urvature of the
lipid/water interfae, or to interations between the polar
head-groups of the lipids and water [19℄. This point will be
further disussed later in Se. 4. In the absene of spatial
gradient terms in Eq. (2) and if m(x) is onstant in spae,
the main transition temperature Tm is alulated from the
onditions fst = dfst/dm = 0. It is related to T
∗
by
Tm = T
∗ +
2a23
9a′2a4
. (3)
With nonzero a3, a rst-order melting transition at Tm
preempts the ritial point at T ∗.
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Fig. 1. Mean-eld phase diagram of a single-omponent lipid
membrane as a funtion of (negative) elasti onstant C and
temperature T (in degrees Celsius). The liquid (Lα), solid (Lβ′)
and rippled (Pβ′) phases are separated from one another by
rst-order phase transition lines whih meet at a triple point
(marked by a full irle): Ctr = −3.33 × 10
−19
J, Ttr = 38 °C.
The parameters used to alulate this phase diagram are given
in the text.
When C > 0, the equilibrium phase is always homoge-
neous in spae; either as a Lβ′ or Lα phase. On the other
hand, for C < 0, the rippled phase with a harateristi
wave vetor q∗ = (−C/2D)1/2 (in unit of ℓ−1) may dom-
inate over the two other phases. (It should be noted that
C < 0 is only a neessary ondition to have the rippled
phase as will be disussed below.) To obtain the mean-eld
phase diagram, we employ the single-mode approximation
in whih the rippled phase is desribed by the most domi-
nant wavevetor q∗, only. This approximation is valid near
the phase transition point where the segregation tendeny
between the two lipids is weak enough. The order param-
eter m an be written as [32℄
m = m0 +m1 cos(q
∗x), (4)
where m0 = 〈m〉 is the spatial average of m, and m1 is
the amplitude of the single q∗-mode of the rippled phase
taken to lie arbitrarily in the x-diretion.
By substituting Eq. (4) into Eq. (2) and taking the
spatial average over one period, we obtain
〈fst〉 = −
C2
16D
m21 +
1
2
a2
(
m20 +
1
2
m21
)
+
1
3
a3
(
m30 +
3
2
m0m
2
1
)
+
1
4
a4
(
m40 + 3m
2
0m
2
1 +
3
8
m41
)
. (5)
The two homogeneous liquid and solid phases, Lα and Lβ′ ,
respetively, are haraterized by m1 = 0; while m0 = 0
in the disordered liquid Lα phase, and is non-zero in the
solid Lβ′ phase. From the three phases only the Pβ′ phase
is haraterized by a modulating amplitude, m1 6= 0.
The mean-eld phase diagram is obtained by minimiz-
ing Eq. (5) with respet to both m0 and m1, and ompar-
ing the relative stability of the three relevant phases. In
Fig. 1, we present an example of suh a phase diagram,
as funtion of the (negative) eetive elasti onstant C
and temperature T plotted in degrees Celsius. The param-
eter C an be a funtion of relative humidity (fration of
water ontent in the lamellar phase) as disussed below.
The phase diagram is alulated for a hoie of system
parameters whih reprodue the main transition temper-
ature of DMPC at Tm = 38 °C: a
′
2 = 2.4 × 10
−21
JK
−1
,
a3 = −1.1 × 10
−18
J, a4 = 2.2 × 10
−18
J, T ∗ = −13 °C
(260K), and D = 2.0 × 10−18 J. These values (exept
D > 0 whose value is less important) are taken from
Ref. [20℄. By inserting the above Landau oeients into
Eq. (3), it an be readily heked that the main transition
temperature of DMPC Tm = 38 °C (Fig. 1) is obtained.
In Fig. 1, three rst-order phase transition lines sep-
arate the three phases and meet at a triple point, Ctr =
−3.33×10−19 J. Due to the rst-order nature of the Lβ′ →
Lα phase transition, it an be argued, on general grounds,
that the triple point Ctr has to be loated at non-zero
values of C. For small magnitude of C, |C| < |Ctr|, the
horizontal rst-order phase transition line ours at T =
Tm = 38 °C and is C independent. An inrease in temper-
ature (as long as |C| < |Ctr|) will melt the solid phase Lβ′
diretly into the liquid phase Lα at Tm. But for negative
and large enough magnitude of C, |C| > |Ctr|, any in-
rease in temperature will ause a sequene of phase tran-
sitions: rst the solid phase Lβ′ melts into the Pβ′ phase,
and only then, upon further inrease of the temperature,
the Pβ′ phase will make a phase transition into the liq-
uid phase Lα. It is also apparent from the gure that the
region of the Pβ′ phase expands on the expense of the uni-
form liquid and solid phases as |C| inreases. This means
that the phase transitions Lβ′ → Pβ′ and Pβ′ → Lα (at
onstant C) our at larger temperature deviations from
Tm as |C| inreases.
The phase diagram of Fig. 1 essentially reprodues
all the experimental fats observed for single-omponent
lipid membranes. It qualitatively agrees with the observed
phase diagram of a lamellar phase of DMPC, when the
negative elasti onstant C is taken to be proportional to
the relative humidity [27,28℄. Although the exat depen-
dene of the elasti onstant C on humidity is not known,
the former an possibly be redued by inreasing hydra-
tion. For another lipid, DPPC, the Pβ′ phase is found
experimentally to our at temperatures around 37 °C (in
Ref. [18℄ the preise temperatures for the Lβ′ → Pβ′ and
Pβ′ → Lα phase transitions have not been fully reported),
while the rippled phase is not observed for a stak DPPE
lipid bilayers. Suh a dierene in the lipid phase behavior
an be qualitatively attributed to dierent values of the
elasti onstant C.
4 N. Shimokawa, S. Komura, D. Andelman: The Phase Behavior of Mixed Lipid Membranes
0 0.2 0.4 0.6 0.8 1
φ
10
20
30
40
50
60
70
T
[o C
]
L
α
Lβ’
(2)Lβ’
(1)
Pβ’
L
α
+ Lβ’
Lβ’
(1)
+ Lβ’
(2)
Pβ’+ Lβ’
DPPC DPPE
Fig. 2. Calulated mean-eld phase diagram of a binary
lipid mixture as a funtion of their relative omposition φ
and temperature T . The parameter values are hosen to t
DPPC/DPPE mixtures (φ = 0 represents pure DPPC and is
denoted by a subsript B): CA = −2.0×10
−19
J, CB = −5.2×
10
−19
J, T ∗A = 9 °C, T
∗
B = −15 °C, and J = 1.45 × 10
−20
J. All
other parameter values and denitions of the dierent phases
are the same as in Fig. 1. The ritial point is indiated by a
full irle and ours at Tc = 21.3 °C. The horizontal dashed
line indiates the three-phase oexistene at the triple point,
Ttr = 42.0 °C.
3 Two-omponent lipid mixtures
In this setion, we extend the above single-omponent
model to membranes onsisting of a binary lipid mixture.
We employ a similar approah as was used in our previ-
ous study [15,16℄, and onsider the oupling of the melt-
ing phase transition with a lateral phase separation in the
mixed membrane.
A binary mixed membrane is modeled as an inom-
pressible A/B mixture of φ mole fration of lipid A and
(1 − φ) fration of lipid B. For simpliity, we assume the
same area per moleule for both speies and ignore any
lipid exhange with the surrounding solvent. In general,
the two lipids will have dierent main transition tempera-
tures originating from dierent moleular parameters suh
as hain length, degree of saturation and hydrophili head
group.
The total free energy per lipid, ftot = fst + fmix, om-
prises: (i) the hain strething free energy fst given by
Eq. (2), and (ii) the free energy of mixing, fmix. The lat-
ter energy per lipid moleule is the sum of the entropy of
mixing and enthalpy. It an be written within the Bragg-
Williams (mean-eld) approximation as
fmix = kBT [φ logφ+(1−φ) log(1−φ)]+
1
2
Jφ(1−φ), (6)
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Fig. 3. Calulated mean-eld phase diagram of a binary lipid
mixture as a funtion of their relative omposition φ and tem-
perature T . The parameters are the same as in Fig. 2 exept
J = 1.85 × 10−20 J. The ritial point is loated at 62.1 °C,
and three triple points our at 35.6, 41.3, and 56.3 °C, respe-
tively. This hoie of model parameters is in agreement with
experimental phase diagram of DEPC/DPPE mixture where
φ = 0 represents pure DEPC.
where kB is the Boltzmann onstant, and J > 0 is an
attrative interation parameter between the lipids that
enhanes lipid-lipid demixing.
For a binary mixture the free energy fst is assumed
to have the same funtional dependene on the eetive
elasti onstant C and the referene temperature T ∗. Al-
though these two parameters depend on the lipid ompo-
sition φ, the preise dependene annot be alulated from
suh a phenomenologial approah. Alternatively, we pro-
eed by further assuming the simplest linear interpolation
between the two pure lipid limiting values:
C(φ) = φCA + (1 − φ)CB, (7)
T ∗(φ) = φT ∗A + (1− φ)T
∗
B, (8)
where CA and CB are the elasti onstants, and T
∗
A and
T ∗B are the referene temperatures of lipid A and B, re-
spetively. The other elasti onstant D, as well as a3 and
a4 in Eq. (2) are assumed to be the same for the two lipids
beause the important properties of the lipids are mostly
reeted in the hoie of their C and T ∗ parameter val-
ues. As for all other model parameters, we use hereafter
the same values listed in the previous setion.
The total free energy ftot = fst + fmix as funtion of
m and φ is now readily available by substituting Eqs. (7)
and (8) into Eq. (2). There is an expliit oupling between
the two order parameters, m and φ originating from the
free energy fst = fst(m,φ). Note that the rst term in
Eq. (2) and Eq. (8) lead to a oupling term whih sales
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as φm2. Another possible oupling term is φ2m that sim-
ply renormalizes the interation parameter J of fmix and
is less interesting. The two-phase oexistene region in the
(T , φ) plane is alulated by using the ommon tangent
onstrution to aount for the onstraint value of the rel-
ative onentration φ, after minimizing ftot with respet
to m0 and m1.
By properly hoosing the model parameters, we at-
tempt to reprodue the binary phase diagram of several
lipid mixtures, the rst being that of DPPC/DPPE [18℄
shown in Fig. 2. Sine a pure DPPE membrane does not
show experimentally the rippled phase, its elasti onstant
is hosen as CA = −2.0×10
−19
J. Namely, below the triple
point Ctr (Fig. 1). The DPPE referene temperature T
∗
A
is alulated from Eq. (3) with the same values for the
Landau oeients as before, by tting its main transi-
tion temperature to the observed one of Tm = 60 °C. On
the other hand, the elasti onstant of DPPC is hosen as
CB = −5.2 × 10
−19
J (above Ctr) so that the Pβ′ phase
appears between the Lβ′ and Lα phases. The referene
temperature of DPPC is set as T ∗B = −15 °C, orrespond-
ing, from Eq. (3), to a Lβ′ → Lα transition temperature
Tm = 36 °C. This temperature is not available from exper-
iments but lies in-between the experimentally observed
Lβ′ → Pβ′ phase transition temperature at 32 °C and the
Pβ′ → Lα one at 40 °C.
All the above hosen parameter values are used to al-
ulate the binary phase diagram tting the DPPC/DPPE
mixture. The relative omposition φ is hosen suh that
φ = 0 orresponds to pure DPPC, while φ = 1 to pure
DPPE. In addition, the interation parameter is hosen
as J = 1.45× 10−20 J. When the temperature is relatively
low, there is a oexistene region between two Lβ′ phases
(denoted by L
(1)
β′ +L
(2)
β′ ). This low temperature oexistene
terminates at a ritial temperature, above whih there is
only one Lβ′ phase for the entire range of omposition φ.
It should be noted, however, that the appearane of the
ritial point between the two solid phases is an arti-
fat of the model. As the temperature is further inreased,
the Pβ′ phase appears lose to the pure DPPC axis. It is
bound by a oexistene region with the Lβ′ phases as well
as with another (muh smaller in its extent) oexistene
region with the Lα phase. This latter region is very small
on the sale of the gure and ollapses almost into a line.
These two oexistene regions terminate at a triple point
temperature, T = Ttr, at whih all the three phases o-
exist. For even higher temperature, T > Ttr, the rippled
phase disappears and the only oexistene region is be-
tween the Lα and Lβ′ phases.
The alulated phase diagram is in quantitative agree-
ment with the experimental one for DPPC/DPPE mix-
tures (e.g., Fig. 7 of Ref. [18℄). Even the oexistene be-
tween the two solid phases is alluded in Ref. [18℄. A sim-
ilar type of phase diagram was obtained for mixtures of
DMPC/DPPS and DPPC/DPPS [17℄. In these lipid mix-
tures, both DMPC and DPPC exhibit the rippled phase,
while pure DPPS undergoes a diret transition from the
Lβ′ to Lα phases similar to DPPE.
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Fig. 4. Mean-eld phase diagram of a binary mixture of two
lipids as a funtion of the relative omposition φ and tem-
perature T . All parameters are the same as in Fig. 2 exept
CA = −5.5×10
−19
J and CB = −6.5×10
−19
J. The lipid inter-
ation parameter is set to be J = 1.45 × 10−20 J. The ritial
point is loated at 21.3 °C as in Fig. 2.
0 0.2 0.4 0.6 0.8 1
φ
10
20
30
40
50
60
70
T
[o C
]
L
α
(1)
Lβ’
(2)Lβ’
(1)
Pβ’
(1)
L
α
(2)
Pβ’
(2)
Pβ’
(1)
+ Lβ’
(2)
L
α
(1)
+ Lβ’
(2)
L
α
(1)
+ Pβ’
(2)
Lβ’
(1)
+ Lβ’
(2)
Fig. 5. Mean-eld phase diagram of a binary mixture of two
lipids as a funtion of the relative omposition φ and tem-
perature T . All parameters are the same as in Fig. 4 exept
J = 1.85 × 10−20 J. The ritial point is loated at 62.1 °C as
in Fig. 3, and four triple points our at 30.8, 47.1, 52.2, and
60.0 °C, respetively.
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An even stronger lipid-lipid segregation an be mod-
eled by inreasing the value of the lipid interation pa-
rameter to J = 1.85 × 10−20 J, while keeping all other
parameter values unhanged. In the resulting phase dia-
gram shown in Fig. 3, the lower oexistene region be-
tween the two Lβ′ phases penetrates the other oexis-
tene regions. Suh a phase diagram resembles that of
DEPC/DPPE lipid mixtures [13℄. This ombination of
lipids have a strong segregation tendeny beause both
head and tail moieties are dierent. In the alulated phase
diagram, there are three triple points indiated by the hor-
izontal dashed lines. The rippled phase an now oexist
with either of the Lβ′ (regions Pβ′ + L
(1)
β′ or Pβ′ + L
(2)
β′
in the gure) as well as with the Lα phase (Pβ′ + L
(1)
α ).
There is also a two-phase oexistene region between the
two liquid phases (L
(1)
α + L
(2)
α ). The three-phase oexis-
tene between the two Lα phases and the Lβ′ , and the
existene of the ritial point have been indeed observed
for DEPC/DPPE lipid mixtures [13℄.
In Figs. 4 and 5 we alulate the phase diagrams in sit-
uations where eah of the two pure lipids exhibit a rippled
phase between their orresponding Lα and Lβ′ phases.
Hene, we hoose the magnitudes of the elasti onstant
to be larger than |Ctr| of Fig. 1: CA = −5.5× 10
−19
J and
CB = −6.5 × 10
−19
J. The hoies of the referene tem-
peratures T ∗A and T
∗
B, as well as all other parameters, is
the same as in Figs. 2 and 3. The interation parameter
is taken as J = 1.45× 10−20 J in Fig. 4, and have a some-
what higher value, J = 1.85 × 10−20 J, in Fig. 5. In the
phase diagram of Fig. 4, one region of the rippled phase ex-
tends throughout the entire range of the lipid omposition.
Above and below this region, the rippled phase oexists
with the Lβ′ and Lα phases. At low temperatures, another
oexistene region an be seen between the two Lβ′ phases.
For a larger interation parameter J (Fig. 5), these oex-
istene regions merge to form a large two-phase region,
and there are four triple points. Here we see a new oexis-
tene between Lα and L
(2)
β′ phases whih does not exist in
Fig. 4. Although suh more omplex phase diagrams have
not been yet reported in experiments, we expet that they
an be found in the future by properly hoosing the lipid
mixtures. One possible hoie of lipids that may give rise
to suh a phase behavior is the DPPC/DMPC mixture.
Both lipids exhibit the rippled phase between their Lβ′
and Lα phases.
4 Summary and disussion
In this paper we proposed a model desribing the liquid-
solid oexistene region in membranes omposed of a bi-
nary lipid mixture. We addressed in partiular the possible
existene of a rippled phase between the liquid and solid
ones, and its eet on the global phase diagrams. In order
to inorporate the possibility of a rippled phase, we use
a model previously proposed for single-omponent mem-
branes by Goldstein and Leibler (GL) [19,20℄. Their main
purpose was to present a model desribing the lyotropi
lamellar phases of lipid bilayers as staks of interating
membranes. Here we have shown expliitly that the GL
lipid strething energy of an isolated membrane exhibits
the sequential phase transitions Lβ′ → Pβ′ → Lα by in-
reasing the temperature. We further extend the single-
omponent model and apply it to binary lipid mixtures
assuming that the elasti parameter C as well as the refer-
ene temperature T ∗ depend linearly on the relative om-
position of the two lipids. The alulated phase diagrams
are in quantitative agreement with the experimental ones
for spei lipid mixtures. We have also predited other
types of phase diagrams, whih have yet to be heked
experimentally for other lipid mixtures.
Several points merit further disussion. In Se. 2, we
hoose the relative membrane thikness as the salar order
parameter to desribe the membrane phase transitions [19,
20℄. In another model proposed by Chen, Lubensky and
MaKintosh (CLM), a two-dimensional moleular tilt was
used as a vetor order parameter [34,35℄. In their model,
a oupling mehanism between the membrane urvature
and the gradient in moleular tilt was onsidered. As a re-
sult, various types of rippled phases with dierent inplane
symmetries have been predited.
In spite of the suess in prediting, e.g., the square
lattie phase that was found in the experiments [40℄, the
CLM model suers from some deienies whih makes it
inappropriate to be used in our study. Within the CLM
model, the Lβ′ → Pβ′ phase transition annot be indued
only by hanging the temperature, while keeping all other
system parameters xed. In other words, the phase bound-
aries in the CLM model is parallel to the temperature axis
(see, for example, Fig. 9 in Ref. [35℄). This is essentially
a result of the vetor nature of the CLM order parameter
[41℄. Unfortunately, suh a phase behavior is not in aord
with the experimental phase diagrams [27,28℄, where the
Lβ′ Pβ′ phase boundary depends on temperature. This is
the main reason why we have hosen to use a salar order
parameter giving us the phase diagram as in Fig. 1.
The seond problem is that the CLM model predits
a seond-order phase transition between the Lα and Lβ′
phases. However, the main transition is known to be rst-
order aording to various experimental investigations [19,
20℄, as was previously mentioned in Ref. [40℄. A possible
way out would be to inlude the 6th order term of the tilt-
ing vetor in the CLM Landau expansion, this lies beyond
the sope of the present work.
The two problems mentioned above do not exist in the
GL model. However, sine the hoie of a single salar as
the order parameter is a major simpliation, many de-
grees of freedom of the lipid moleules are not properly
taken into aount. For example, one annot distinguish
between the similar Lβ′ and Lβ phases beause the salar
order parameter m annot model the moleular tilt har-
ateristi of the solid-like Lβ phase. With this hoie of or-
der parameter, one an only distinguish between a dilute
and a ondensed phase. Beause the membrane thikness
does not aount for the dierent symmetries of the Lα,
Lβ′, and Pβ′ phases, m annot represent any rystalline
order, and the solid phase is not properly desribed here.
Hene the appearane of the ritial points between the
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two Lβ′ phases in Figs. 2 and 4 is an artifat of our model.
Although this problem is remedied in the CLM model,
the GL model aptures the essential features of the stru-
tural transitions in lipid membranes in the presene of the
rippled phase. Using the latter model is suient to re-
produe even quantitatively some of the global features
of phase diagrams of binary lipid mixtures, in agreement
with experiments.
In Eq. (2) we assumed for simpliity that the rippled
phase is modulated spatially only in the x-diretion. In
general, one an onsider the full (x, y) inplane modula-
tions as treated in the CLM model [34,35℄. This an be
aomplished by inluding in Eq. (2) additional gradient
terms in the y-diretion. The resulting phase diagram will
be more omplex beause there an be more than one
rippled phase. Although a two-dimensional square lattie
phase has been identied for a single-omponent DTPC
lipid [40℄, it has not yet been found in binary lipid mix-
tures. We also note that the one-dimensional modulation
of the order parameter expressed by Eq. (4) is similar to
the P
(2)
β′ phase in CLM, with the main dierene that we
inlude a non-zero average term m0. The physial inter-
pretation of the atual order parameter in the two models
diers as is explained above.
Finally, we disuss why the elasti oeient C an
take negative values in Eq. (2) as is required to get the
Pβ′ phase at equilibrium. In Se. 2, we have mentioned
that the oupling between the onformation of the hains
and the urvature of the membrane may be a possible
reason [19℄. In general, if there exists a oupling between
an additional elasti degree of freedom and the gradient
of the order parameter, the elasti onstant C will be re-
dued. This situation an be expressed by inluding the
following two additional terms in the free energy:
fel =
1
2
Bρ2 − γρ
(
dm
dx
)
. (9)
Here ρ represents some elasti degree of freedom, B is
another positive elasti onstant, and γ is a oupling on-
stant. For example, ρ an be taken as the urvature of the
lipid/water interfae, and B is the bending rigidity of the
membrane. In the seond term, ρ is linearly oupled to
the gradient of m whih indues a spontaneous value of ρ.
Minimizing fel of Eq. (9) with respet to ρ, we get
ρ =
γ
B
(
dm
dx
)
. (10)
This means that the equilibrium value of ρ is proportional
to the gradient of m. By substituting this equation bak
into Eq. (9), the eetive elasti onstant beomes
C → C − γ2/B, (11)
in Eq. (2). Hene C is redued by γ2/B and an reah neg-
ative values when the oupling onstant γ is large enough
(or when the elasti onstantB is small enough). Although
it goes beyond the sope of the present paper to suggest
spei moleular mehanism to aount for this added
elasti degree of freedom, suh a mehanism would, in
priniple, explain the negative value of the eetive elasti
onstant, C.
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